X ^ 1, Xf(t Q ) + (l-λ)^) = Xφ(u + t o v) + (l -X)φ(u + tjή = φ φ((l -λ)w + (1 -X)t λ v) ^ 0(u + (Xt Q + (1 -λ)ί>) = t(M) + (1 Conversely, assume (A), (B) and (D), then φ{u) + φ(υ) = ψ<0) + 2^(1/2) = φ(u + v).
Observe that it is sufficient to check φ on all two-dimensional subspaces of X. For a discussion of a different condition on twodimensional subspaces, see Dor [2] . We shall consider spaces X in 2n for which p(t) -\\x + ty\\ 2n is a polynomial in £ of degree 2w. When p is given in this way, we shall tacitly assume that || sx + ty \\ 2n Let X = (x, y) and define \\ -\\ on X by p{t) = \\x + ty\\ 2n .
Then (X, || ||) is a Banach space if and only if 2np(t)p"(t) -(2n -l)(p\t))
2 Ξ> 0 for all t. ), α fc Φ 0, A; ^ 2, for small t. Then 2np{t)p'\t) -(2ra -l)(p'(ί)) 2 --a\k(2n -fc)* 8 *~2 + o{t 2k " 2 ) hence fc = 2n, p(t) -a 2n t 2n and (X, || ||) is a valid one-dimensional space. In the second case, let p(t) -a k t k + o(t k ) for k < 2n, a k Φ 0 and ί large. Then k = 0 and (X, || ||) is again one-dimensional. Now suppose p(ί) >0. Let M = dx + by, v = c^ + ατ/ be given; (D) will be satisfied provided ψ(t) is convex, where is again a positive polynomial of degree 2n so that ψ" is continuous. It suffices, therefore, to check that ψ"(t) ^ 0 for t Φ -d/c. 2 ^ 0 then every ψ is convex and (X, || ||) is a Banach space.
Proof. With \\sx + ty\\ 2n defined as above, we need verify (A) and (D). Suppose (X, || ||) is a Banach space, then ψ(t) = \\x + ty\\ = p(t)
It follows from Theorem 1 that the two-dimensional spaces in 2n are characterized by p(t) = \\x + ty\\ 2n , and that a study of such polynomials is appropriate. Note also that generators may be chosen to make any computations easier; in general, (D) must be separately verified for each two-dimensional subspace.
3* The cone P 2n . Let P 2n consist of all polynomials p of degree 2n for which p(ί) ^ 0 and C 2n (p(t) 
(t)) -+ C(p(t)).
Hence P 2n is closed.
By the proof of Theorem 1, if p(t) is in P 2n then so is
For future reference, observe that, if p x and p 2 are in P 2n and C((p x + ft)(ίo)) = 0 then C( Pl (< 0 )) = C( A (ί 0 )) = 0, p[\t ύ )p 2 {Q -pMp^) and p'Mp'M ^ 0. Since P 2Λ is a cone, it is natural to study its extreme elements. For q(t) = (δί + c) 2w , C 2n (q) = 0. Suppose g = ^ + p 2> with p, in P 2Λ . If 6 = 0, then ^ and p 2 must both be nonnegative constants. Suppose b Φ 0, then we may normalize b = 1 so g(f) = (ί + c) 2w , hence Pi(-c) = 2 . Surprisingly enough, the same is true for 2n = 4. 
f/ (ί). Since p" is quadratic, and pp" > 0, (Δp"(t) )~ιC{p(t)) is continuous, goes to infinity quadratically in t, and achieves a minimum λ 0 > 0 at t -t Q . Thus p(t) -λ 0 is in P 4 , C(p^(O) = 0; hence p(t) -λ 0 + α o (r(ί -O +1) 4 + β(* -OS which may be rewritten as in the conclusion. 
Proof. Fix n and let p( The coefficient 1 for t 2 is not the best possible. The following proposition provides a sharp estimate.
Outline of proof. Suppose p β (ί) = ί 2w + αf fc + 1 has the largest a, then C 2Ά (p a (t)) ^ 0 and C a »(p β (t 0 )) = 0 for some t 0 . Hence the derivative vanishes at t 0 as well. This gives two quadratic equations in a which may be solved simultaneously. After eliminating an extraneous solution, the bound is derived.
We see then that there are extreme functions in P 2n , n ^ 3, which are not of the form (bt + c) 2n . PROPOSITION 2. The extreme rays of P 6 are generated by Outline of proof. As in Theorem 3, we consider special cases and then subtract various (ct + d) 6 's. Then f λ are those polynomials for which C 6 (f λ (0)) = 0 and C β (/) is at most quartic.
As Proposition 2 is not directly relevant to the rest of this paper and its proof is tedious, we omit the details. The general question of finding the extreme rays of P 2n for n ^ 4 remains open.
Let Q 2n denote the closure of the cone of polynomials of the form Σf =1 (bjt + cj) 2n ; Q 2n S P 2n with equality if and only if 2n = 2 or 4. As any 2n + 2 distinct 2%th powers are linearly dependent, we may assume that
2n -> α 0 , we may take 16J W) | < Λf, | c} w) | < M. Thus there exists a convergent subsequence with limit bj and c^ so that one may write q(t) ~ Σ^ί 1 (M + ^) 2ίt for all g in Q 2W . Similar considerations apply for the generalization of Q 2n to several variables. 4* Subspaces of L 2n . In [11] we showed that L 2n ( Y, μ) is in & %%f that is, ||/ + tg\\ 2n = .J|/ + ^| 2ίt ώ/i is a polynomial in ϊ for all / and g. The converse, as we shall see, is false. Suppose that Since X is real, it is unreasonable to embed X in an L 2n space with complex scalars; one might, however, embed X in an L 2n (Y, μ) space with real scalars but complex-valued functions. This situation is taken care of by the following theorem. THEOREM 
There is an isometry from the space of all complexfunctions in L 2n (Y, μ), taken with real scalars, into real L 2n {Z,v), where (Z, v) consists of2n + l copies of {Y, μ).
Proof. It is well known that 4 2 is embeddable in any infinitedimensional Banach space. Let x and y be orthogonal generators of 4 2 and let x and y be their isometric images in s 2n .
; by the remarks at the end of §3, we may say that (ί 8 + u 2 ) n = ΣΓJ 1 (&** + c k uY n . Define the mapping φ from L 2n ( Y, μ) with complex-valued functions to L 2n (Z, v) as follows: if / = g + ίh is the decomposition into real and imaginary parts, then φ{f) = b k g + c k h on the &th copy of (Y f μ). For real ί (g 2 + fe 2 )^ = ( \f\ 2n dμ = ||/|| 2% so ^ is an isometry.
JF JF
We may actually choose b k and c k by: where α(%) = 2ί ί ^)(2n + 1) j . Hubert has proved that b k and c fc may be chosen to be rational; see Ellison [3] p. 11 for an extended discussion. In any case, it suffices to consider embeddings into real L 2n . 5* A counterexample* The remaining case for embedding is the three-dimensional one for ^4. We shall construct a threedimensional space in ^4 which is not embeddable in L 4 . Consequently, there are spaces with arbitrarily large dimensions which are not embeddable in L 4 . This example is drastically simplified from the one appearing in the author's thesis.
Suppose X = (x, y, z) and a polynomial p(u, v) with total degree 4 is given. Let || || be defined on X by \\x + uy + vz\\* = p (u, v) ; \\tx + uy + vz\\* for t Φ 1 is defined in the usual way. In view of Lemma 1, we need check (A), (B) and (D) on every two-dimensional subspace of X. Conditions (A) and (B) will be automatic. A twodimensional subspace of X is either (y, z) or (x + ay + cz, by + dz) for some α, 6, c, d. Thus, for f (u, v) = (p(u, v)) iμ , it suffices to show that ψ(t) = f(a + bt, c + dt) is convex for all α, 6, c, cϋ. (We consider <2/, ^> separately.)
Adopt the usual convention that / x (u, v) = One can make a lengthy plausibility argument that the set of polynomials p (t, u, v 6. Other properties of έ^2 n .
Since Q 2n £ P 2n , with strict inclusion for n ^ 3, it is not obvious that spaces in ,^2 n are necessarily as "nice" as spaces in L 2n .
For example, L 2n (Y, μ) is uniformly convex and uniformly smooth (see Lindenstrauss and Tzafriri [10] p. 127 for definition) and hence reflexive.
Holder's inequality says that, if
" is in Q 2n , then |α,| ^ 1; indeed, 1 ^ α, ^ r(fc), where r(2j) = 0, r(2j + 1) = -1. Clarkson ? s inequality states that ιι/ + g\r + ii/ -0ir ^ 2(n/ιr + ii^ir); if ?(«) = Σto( 2^/ is m Q 2n , then g(l) + g( -1) ^ 2(g(0) + a 2n ). As a whole, these properties extend to ^2 Λ , although numerical constants are generally weaker.
Koehler [7] defined a G 2n space to be a Banach space on which a 2w-fold inner product (x 19 •••, aj 2 »> is defined, satisfying certain regularity conditions. In [11] it was shown that G 2n spaces and & %n spaces coincide. Koehler [8] proved that G 2n spaces are uniformly convex. That is, & 2n spaces are uniformly convex and thus reflexive. To prove uniform smoothness and the other regularity conditions we need the analogue to Holder's inequality. Proof. Since p lf2n (t) is convex, by the triangle inequality on the space induced by p, is in P 2n forms a closed (Theorem 2) and bounded (Theorem 9) set. Thus functionals, such as p(l), achieve maxima and minima on A.
The actual values of m (k, 2n) and M(k, 2n) can be found in a few instances. Since p(t) in P 2n implies p ( -t) Proof. The uniform convexity follows from Koehler, or by noting that \\x\\ = \\y\\ = 1, ||<ε + y\\=2 implies \\x + ty\\ = 1 + ί for t ^ 0 so p(ί) = (1 + £) 2u and ||a; -y\\ = 0. Since the set of coefficients A ε for which \\x\\ = ||^|| = 1, ||B -τ/|| ^ ε is compact, \\x + τ/|| achieves a maximum, which is strictly less than 2.
For uniform smoothness, let \\x\\ = ||i/|| = 1. For t ^ τ, by Taylor's theorem, ||a + ί2/|| + ||α;-ί2/||=2 + (2w-l)(α 2 -αί)ί a + o(ί 2 ). Thus 1/2(| I a; + ty\\ + \\x -ty\\) -1 ^ cτ 2 + o(r 2 ) so X is uniformly smooth.
If X is any Banach space, suppose t = \\y\\ ^ \\x\\ = 1 and w = \\x + y\\ ^ ||a? -y\\ = v. Then % + ^2£ so ^ + ^^^ + (2t-u) 
where For n -4 take ε -. ( Y, μ) is necessarily embeddable in L q , p~ι + q' 1 = 2. For example, if p = 2^/(2^ -1), x = (1,1, 0), # = (1, 0,1) and X is the subspace of 4 3 generated by x and #, then X* is not even in 0> 2M let alone L 2U . We omit the proof. 7* Krivine inequalities* Krivine [9] has described necessary and sufficient conditions for a space to be embeddable in L p provided p is not an even integer. Krivine's proof does not apply when p = 2n because it involves the Taylor series remainder of cos#. Theorem 12 discusses this ease and provides an underlying reason for this failure when viewed in conjunction with Corollary 6. THEOREM (Erivine). // 2r -2 < p < 2r <: 4fc then a necessary and sufficient condition for X to be embeddable in L p is that (1) Proof. By Theorem 11 in [11] , it suffices to verify any linear identity on one space in &* 2nf say C. Since in (1) all elements are combined with real coefficients, by Theorem 7, we may embed C isometrically in R. It therefore suffices to check that (2) where j indexes all partitions of 2n into 2k even integers and dj is the positive multinomial coefficient. If we now exchange the order of summation, then (2) becomes (3).
(3)
Fix j; since 4k > 2n, at least one of the πv(s)'s is zero. Thus, one term in the product is Σr ό = 0, each term in the sum vanishes and (3) is verified.
For 2n ^ 4, there are spaces in ^2 n which are not embeddable in L 4 , so that Krivine's inequalities do not extend. For 4k -2n and X-L 2n (Y, μ) , it is not hard to show that the left hand side of (1) becomes {KlriXldμj which is nonnegative. If, on the other hand, X is the space in Theorem 8, x x -x, x 2 -y, x 3 = z, r λ --2, r 2 = r 3 = 1, then ΣiΣi*\fγ£||&i±αilΓ = - 16 ιt is
Possible that a careful study of Krivine's inequality for such borderline cases could lead to an embedding theorem for L p , p = 2n.
